Electroweak one-loop radiative corrections to the process e + e − → tt are revisited. Two groups from Karlsruhe and Bielefeld/Zeuthen performed independent calculations of both (virtual and soft) QED contributions and weak virtual corrections. For the angular distribution an agreement of at least eight digits for the weak corrections and of at least seven digits for additional photonic corrections is established.
Introduction
At TESLA, one of the most important production processes will be top-pair production well above the production threshold (in the continuum) e + (p 1 ) + e − (p 2 ) → t (p 3 ) +t (p 4 ).
We expect several hundred thousand events, and the anticipated accuracy of the theoretical predictions to be a few per mille. What one has to calculate with such net precision is, of course, not only the two-fermion production process, but also the decay of the top quarks and the variety of quite different radiative corrections like real photonic bremsstrahlung, electroweak radiative corrections (EWRC), QCD corrections to the final state, and beamstrahlung. Potentially, new physics effects also have to be taken into account.
The state of the art at the time of the public presentation of the TESLA project has been reviewed in Part III of the Technical Design Report [1] . Since then, the community has made progress in several directions. In this note we report on recent developments in the description of the electroweak radiative corrections to (1) . Several studies on this topic are available in the literature, e.g. [2, 3, 4, 5] , but no special effort was undertaken to perform a detailed numerical comparison between the results of different collaborations. Quite recently, a recalculation of the electroweak corrections has been performed by a Bielefeld/Zeuthen group [6] , and this calculation was compared in detail with the Karlsruhe results. 1 We summarize this comparison together with a few remarks on the underlying projects.
2 One-loop EWRC to the reaction e + e − → tt
In this section we introduce the one-loop differential cross-section of the process e + e − → tt in the Standard Model.
To start with, we first present the differential Born cross-section,
The Z propagator is contained in the factor
and we use the following conventions
together with
and the colour factor c t = 3 of the top quark. Including the virtual electroweak corrections and the soft photonic contributions it proves to be convenient to use the notation of complex-valued form factors, each of them related to some helicity-based matrix element. For the production of massive fermion pairs, the cross-section depends on six independent form factors,
with
with s = (p 1 + p 2 ) 2 and
The form factors appear in the decomposition of the matrix element according to
The matrix elements M 3,11 and M 3,51 emerge only in the calculation of the virtual corrections. Their interference with the Born amplitudes vanishes in the case of massless fermion pair production. The other matrix elements M 1,ab receive additional contributions from soft photon corrections. In Born approximation, the non-vanishing form factors are
For completeness, we give also the matrix elements
where g 1 = 1 and g 5 = γ 5 . For massive loop corrections, two additional structures have to be added
In Appendix A we give the collection of all Feynman diagrams relevant at one-loop level for the calculation in the 't Hooft-Feynman gauge. Ultra-violet (UV) divergences were treated within dimensional regularization. For renormalization the on-shell scheme was used [7] . Infra-red (IR) divergences cancel analytically between the soft photon emission and the diagrams with virtual photons. This leads to a residual dependence of the cross-section on the maximal soft-photon energy, which has been arbitrarily chosen to be E max γ = √ s/10. Of course, after including real hard photonic bremsstrahlung this dependence disappears.
In the on-shell renormalization scheme the weak mixing angle is defined by the weak boson masses. In this calculation the coupling constant g (6) is expressed by the electric charge and the weak mixing angle.
The Karlsruhe Approach
The Karlsruhe calculations have a long history dating back to the late 1980s, following the formulation worked out in [8, 9] . We shall not describe them here in detail. They use the software packages FeynArts [10, 11] , FormCalc [12] , and LoopTools [12] , the latter of which is based on the FF library [13] . The calculations follow the scheme described in [14] : the diagrams are first generated with FeynArts, the resulting amplitudes are analytically simplified with FormCalc, whose output is then converted to a Fortran program which is linked with the LoopTools library to produce e.g. cross-sections. This process takes only a few minutes and is highly automated.
Results of calculations performed in this way have been made available on The HEP Process Repository Web page [15] . The actual codes used for comparison in this paper have been taken from there. In particular we used the files eett_sm.tar.gz and eett_smnoqed.tar.gz.
We just mention that a file with the virtual one-loop corrections in the MSSM, eett mssm.tar.gz, is also obtainable.
The Bielefeld/Zeuthen Approach
The Bielefeld/Zeuthen group utilized the program package DIANA [16, 17] , which is a FORM interface for the package qgraph [18] for the creation of all the contributing Feynman diagrams to a given process.
The output of DIANA is a sample of symbolic expressions which then were prepared for the integration of the loop momenta with FORM [19] . Two independent calculations which differ in many respects have been performed. In one of them, dimensional regularization is used for UV and IR divergences, while in the other the IR divergences are regularized by a finite, small photon mass. The resulting expressions in terms of Passarino-Veltman functions are calculated with a Fortran code, using two libraries of one-loop functions: the dimensionally-regularized version uses LoopTools [12] with minor additions, the other one the package FF [13] . On-shell renormalization is performed following [20] . To eliminate the IR divergence of the virtual photonic contributions soft photon bremsstrahlung has been added; we followed the techniques described in [21] .
The Fortran program topfit provides two possible outputs: Firstly the differential cross-section (and derived observables like total cross-section or forward-backward asymmetry), secondly six independent form factors in a given helicity basis, as introduced above, designed to be used in a Monte-Carlo program.
It is worth mentioning that topfit is equipped to calculate the hard real photon corrections to the differential cross-section.
Numerical Results
The comparison of the two calculations is chosen to be performed on the level of the differential crosssection. We focus in particular on the following four contributions
: Born cross-section which serves as a cross check of input parameters and conventions.
• dσ d cos θ QED : These numbers contain the Born cross-section plus the interference of Born (schannel γ and Z exchange) with one-loop virtual QED diagrams plus the absolute square of real soft photon radiation. No vacuum polarization diagrams, nor counter-diagrams, of the photon are taken into account, i.e. the running of the electromagnetic coupling constant is not included. It is assumed that this can be easily accounted for, including the variety of higher order corrections, by using the corresponding value of α.
• dσ d cos θ weak : The interference of Born (s-channel γ and Z exchange) with one-loop virtual pure weak diagrams is shown. As before, the Born cross-section is added to the one-loop correction. The running of the electromagnetic coupling constant is included here. Renormalization is performed in the on-shell scheme and self-energy diagrams are taken into account as well.
• dσ d cos θ SM : All previous parts of the calculation are put together, i.e. the complete electroweak one-loop plus Born differential cross-section is given within the Standard Model.
All numbers in the following tables were obtained making use of the input parameters 
Effective quark masses reproducing the hadronic vacuum polarization contribution ∆α h with a sufficiently high accurancy have been chosen [22, 7] . As mentioned, the photon energy cut E max γ is an arbitary quantity entering the final result if the radiation of hard photons in not taken into account.
The numerical values of the differential cross-sections have been calculated at three typical Next-LinearCollider energies.
√ s = 500 GeV: From Table 1 it is evident that the numerics of the weak virtual corrections are perfectly controlled with a gross agreement of the two approaches by at least eight digits.
The pure photonic corrections agree to at least seven digits 2 . The net result of the comparison being highly satisfactory, we did not push for more digits agreement.
Finally, it has to be pointed out that we control here only what is often called the technical precision of a calculation, not to be confused with the precision of the prediction of some observable to be confronted with some realistic measurement.
Summary
We have demonstrated an agreement of seven to eight digits between the calculations of the Karlsruhe group and the Bielefeld/Zeuthen group for electroweak virtual and soft photonic corrections to the reaction e + e − → tt at the one-loop level.
Naturally the claim of completeness of this calculation can only be applied to the electroweak corrections and only at one-loop accuracy. In particular the inclusion of QCD corrections [1] and the finite life time of the top quarks have to be taken into account. To what extent higher-order weak corrections will be needed depends crucially on the expected experimental accuracy. Certainly, it is desirable to partially extend the calculations to higher-order effects, where a special emphasis could be given to large mass effects [7] and to the so-called Sudakov logarithms [24] , which constitute the leading contributions at the next order in perturbation theory. Finally, needless to mention that various higher-order photonic corrections have to be added in high-precision numerical approach.
